On every real Banach space X we introduce a locally convex topology τ P , canonically associated to the weak-polynomial topology w P . It is proved that τ P is the finest locally convex topology on X which is coarser than w P . Furthermore, the convergence of sequences is considered, and sufficient conditions on X are obtained under which the convergent sequences for w P and for τ P either coincide with the weakly convergent sequences (when X has the Dunford-Pettis property) or coincide with the norm-convergent sequences (when X has nontrivial type).
Introduction
The weak polynomial topology w P on a Banach space X, introduced by Carne et al. [8] , is defined as the weakest topology for which every scalar polynomial on X is continuous. Later on, this topology has been studied, among others, by Aron et al. [3] ; Biström et al. [6] ; Davie and Gamelin [10] ; González et al. [15] ; and Gutiérrez and Llavona [17] .
For any infinite dimensional complex Hilbert space H , topology w P is not linear, even when restricted to the unit ball of H (see [3] ). New examples of both real and complex Banach spaces X for which w P is not linear are given in [6, 9] (see Section 1) . In this paper we are concerned with the case of real Banach spaces. In order to solve the lack of linearity, we introduce in Section 2 a locally convex topology τ P canonically associated to w P on every real Banach space X. We study the properties of the family of semi-norms defining τ P , and we prove that τ P is the finest locally convex topology on X which is coarser than w P . We show that, on infinite-dimensional spaces, the weak topology w is strictly coarser than τ P . On the other hand, topology τ P coincides with norm topology if, and only if, there exists a separating polynomial on X. We also obtain that topology τ P is stable under products, but in general is not inherited by closed subspaces. Section 3 is devoted to the polynomial convergence of sequences. We obtain sufficient conditions on a real Banach space X under which the convergent sequences for w P and for τ P either coincide with the weakly convergent sequences (when X has the Dunford-Pettis property) or coincide with the norm-convergent sequences (when X has nontrivial type). Finally, in Section 4, the relation between the concepts of P -continuity and τ P -uniform continuity on bounded sets is briefly considered.
The weak polynomial topology on a Banach space
Along this section X will stand for a real Banach space. As usual, we say that a map P : X → R is a N -homogeneous (continuous) polynomial if there exists a continuous N -linear map T : X × · · · × X → R such that P (x) = T (x, . . . , x), for every x ∈ X. We denote by P( N X) the Banach space of all such N -homogeneous polynomials on X, endowed with the norm P = sup{|P (x)|: x 1}. We will be also interested in the subspace P f ( N X) of P( N X) generated by the polynomials of the form ϕ N , where ϕ belongs to the dual space X * . The elements of P f ( N X) are called N -homogeneous polynomials of finite-type.
By a polynomial on X we mean a finite sum P 0 + P 1 + · · · + P n , where P 0 is constant and each P k is a k-homogeneous polynomial. It is well known that given a continuous map P : X → R, we have that P is a polynomial if, and only if, for every x, y ∈ X the function P (x + ty) is a polynomial in t (see, e.g., [21] ). We denote by P(X) the family of all polynomials on X. It is easy to see that P(X) is an algebra of continuous real functions on X. For further information about polynomials on Banach spaces we refer to [11, 21] .
The weak polynomial topology w P on X, introduced in [8] , is defined as the weakest topology for which every polynomial on X is continuous. If the weak and the norm topologies on X are denoted, respectively, by w and · we clearly have
Since weakly continuous homogeneous polynomials are, precisely, polynomials of finitetype (see [5] ), and on each infinite dimensional space there always exist polynomials which are not of finite-type, we obtain that w = w P as soon as X is infinite dimensional. On the other hand it is not difficult to check that w P = · if, and only if, there exists a separating polynomial on X, that is, a polynomial P such that inf x =1 |P (x)| > 0. Thus for example w P = · in the case of Hilbert space 2 and, more generally, for spaces 2k (k ∈ N), since in these cases a power of the norm is a polynomial. On the other hand, w P = · on infinite dimensional p spaces if p is not an even integer, since on these spaces there is no separating polynomial (see, e.g., [7] ). We refer to [16] for a brief survey about separating polynomials on Banach spaces. On every Banach space X, the weak polynomial topology w P is semi-linear, i.e., the sum is separately continuous, and the scalar product is continuous. This follows from the fact that, given P ∈ P( N X) and y ∈ X, the map x → P (x + y) is a polynomial on X. Thus a w P -neighborhood basis of each point x can be obtained by translation of a w P -neighborhood basis of the origin. In particular, a net (x α ) in X is w P -convergent to x, i.e., P (x α ) converges to P (x) for every P ∈ P(X), if and only if P (x α − x) converges to 0 for each P ∈ P( N X) and each N ∈ N. In some special cases w P is a linear topology, for example when w P = · . But this is not true in general as can be seen in [6] , where several classes of spaces are given for which w P is not linear. Typical examples are the spaces ∞ , ∞ × p and c 0 × p for 1 < p < ∞.
The locally convex polynomial topology on a Banach space
Given any set X, we say that σ : X × X → [0, ∞) is a semi-metric on X if, for every x, y ∈ X, we have:
Let {σ i } i∈I be a family of semi-metrics on X. For x ∈ X, i ∈ I and ε > 0, we denote B i (x; ε) = {y ∈ X: σ i (x, y) < ε}. We say that a topology on X is given by the family of semi-metrics {σ i } i∈I if, for every x ∈ X, the finite intersections
. . , i k ∈ I } form a neighborhood basis of x. The family {σ i } i∈I is said to be saturated if for every i 1 , . . . , i k ∈ I there exists some i 0 ∈ I such that σ i 0 sup{σ i 1 , . . . , σ i k }. In this case a neighborhood basis of each x is given by {B i (x; ε): ε > 0, i ∈ I }. Note that, without loss of generality, we can always assume that the family {σ i } i∈I is saturated (adding finite suprema of σ i 's to our family, if necessary).
Suppose now that X is a real linear space endowed with a topology τ 0 given by a saturated family of semi-metrics {σ i } i∈I , and these semi-metrics are positively homogeneous and translation invariant. We are going to construct a locally convex topology τ on X associated to τ 0 . First, we define for each i ∈ I and for every x, y ∈ X
where the infimum is taken over all finite chains {x, z 1 , z 2 , . . . , z n , y} in X. Taking the trivial chain {x, y} we obtain thatd i (x, y) σ i (x, y) . It is easy to check that eachd i is a positively homogeneous and translation invariant pseudo-metric on X. In fact,d i = σ i if, and only if, σ i is a pseudo-metric (i.e., σ i satisfies the triangle inequality). Associated tod i we define the semi-norm d i on X by
Finally, we consider the locally convex topology τ on X given by the family of seminorms {d i } i∈I . Since d i (x) σ i (x, 0) for each i ∈ I , it is clear that τ is coarser than τ 0 . Now for each i ∈ I , denote B i = {x ∈ X: σ i (x, 0) < 1} and V i = {x ∈ X: d i (x) < 1}. Since V i is convex and contains B i , it also contains its convex hull, denoted by co(B i ). Next we are going to see that, in fact, co(B i ) = V i . Indeed, let C be any convex subset of X containing B i . Since B i is a radial set, so is C (that is, for every x ∈ X there exists some λ > 0 such that λ · x ∈ C), and its Minkowski functional
is well defined. Then we have that µ C (x) σ i (x, 0), for every x ∈ X. And, since µ C satisfies the triangle inequality, we obtain that
Now consider a locally convex topology τ on X coarser than τ 0 , and let U be a convex neighborhood of 0 for τ . Then U is also a neighborhood of 0 for τ 0 , and so there exist i ∈ I and ε > 0 such that
, and therefore U is a neighborhood of 0 for τ . Summarizing, we have the following result.
Theorem 1. With the above notation, the topology τ on the real linear space X is the finest locally convex topology which is coarser than τ 0 . A neighborhood basis of the origin for τ is given by
Next, we are going to apply the above construction to the weak polynomial topology. If X is a real Banach space and P is a N -homogeneous polynomial on X we define, for every x, y ∈ X,
It is clear that each σ P is a translation invariant and positively homogeneous semi-metric on X. Furthermore, using the fact that w P is a semi-linear topology, it is easy to check that w P is in fact given by the family of semi-metrics {σ P }, where P runs over all homogeneous polynomials on X. Now, if we denote by B P = {x ∈ X: |P (x)| < 1}, we have that finite intersections of these sets are a neighborhood basis of the origin for w P . Moreover, we have the following.
Lemma 1.
On every real Banach space X, the family of semi-metrics {σ P } is saturated. Further, a w P -neighborhood basis of the origin is given by the sets B Q = {x ∈ X: Q(x) < 1}, where Q runs over all non-negative homogeneous polynomials of even degree.
, and define
Then it is clear that Q is a non-negative 2N -homogeneous polynomial and σ Q sup{σ P 1 , . . . , σ P k }. Now the result follows immediately. 2
Next, for each N -homogeneous polynomial P on X we have, associated to σ P , a positively homogeneous and translation invariant pseudo-metricd P defined bỹ
where the infimum is taken over all finite chains {x, z 1 , z 2 , . . . , z n , y} in X. We also have the associated semi-norm d P on X defined by
and for this semi-norm we denote V P = {x ∈ X: d P (x) < 1}. As in the proof of Theorem 1 we have that V P = co(B P ), and then d P is the Minkowski functional of co(B P ). Now let τ P be the locally convex topology on X given by the family of semi-norms {d P }, where P runs over all homogeneous polynomials on X. We will call τ P as the locally convex polynomial topology on X. Combining Theorem 1 and Lemma 1, we obtain:
Theorem 2. On every real Banach space X, the locally convex polynomial topology τ P is the finest locally convex topology on X which is coarser than w P . A neighborhood basis of the origin for τ P is given by {V Q } = {co(B Q )}, where Q runs over all non-negative homogeneous polynomials of even degree.
For each real Banach space X, note that every continuous linear functional ϕ ∈ X * is a 1-homogeneous polynomial, and σ ϕ (x, y) = |ϕ(x − y)|, for every x, y ∈ X. In this case, σ ϕ is in fact a pseudo-metric, and then we haved ϕ = σ ϕ and d ϕ = |ϕ|. As a consequence (or else from Theorem 2) we obtain that w τ P w P · .
In some cases the above topologies are all different, for instance on every infinite dimensional space on which w P is not linear. In Proposition 2 below we will see that w = τ P , for infinite dimensional spaces. On the other hand, it is clear that τ P = w P whenever w P is a non-linear topology. In fact, we wonder if it is true that τ P = w P if, and only if, w P is a linear topology. Finally note that, from Theorem 2, we have τ P = · if, and only if, w P = · (and recall that this happens if, and only if, there exists a separating polynomial on the space).
Before going into Proposition 2, we need to introduce the following definition. We say that a N -homogeneous polynomial P on X is triangular if for every x, y ∈ X we have
The following simple result will be useful.
Proposition 1. Let P be a N -homogeneous polynomial on a real Banach space X.
The following conditions are equivalent:
It is clear that for every continuous linear functional ϕ ∈ X * , and every N ∈ N, the polynomial P = ϕ N is triangular. More generally, our next lemma will provide further examples of triangular polynomials.
Lemma 2. Let (ϕ n ) n∈N be a sequence of continuous linear functionals on a real Banach space X.
Let N be an even number and suppose that the series n |ϕ n (x)| N converges for every x ∈ X. Then the polynomial
Proof. Since N is even, the result follows from Minkowski inequality. That is,
Proposition 2.
On every infinite dimensional real Banach space X, the weak topology is strictly coarser than the locally convex polynomial topology.
Proof. If X is an infinite dimensional space we can choose a sequence (ϕ n ) n∈N of linearly independent, norm-one linear functionals on X. Let N be any even number, and consider the N -homogeneous polynomial
By the above results, P is triangular and d P = P 1/N . Therefore P is τ P -continuous. Nevertheless P is not w-continuous since it is not of finite type. This can be seen taking into account that the zero-set P −1 (0) = ∞ n=1 ker ϕ n is a linear subspace with infinite codimension, and on the other hand the zero-set of every polynomial of finite type contains a finite codimensional linear subspace. 2
For every N -homogeneous polynomial P on X we denote N P = [P −1 (0)], that is, the closed linear subspace of X generated by the zero-set P −1 (0). Since ker d P is a closed linear subspace of X containing P −1 (0), we have that N P ⊂ ker d P and, as a consequence,
In this case N P = P −1 (0) is the hyperplane x 3 = 0. On the other hand, since d P (0, 0, 1) inf{|P ((0, 0, 1) − (x 1 , x 2 , 0) )| 1/6 : x 1 , x 2 ∈ R} = 0, we deduce that ker d P = R 3 and d P = 0. Now we can give an example where N P = ker d P = X. First we need the following lemma.
Lemma 3.
Let X × Y be a product of real Banach spaces. Let P ∈ P( N X × Y ) be a polynomial of the form P (x, y) = P 1 (x) + P 2 (y), where P 1 ∈ P( N X), P 2 ∈ P( N Y ) and
Taking into account that d P (respectively, each d P i ) is the Minkowski functional of co(B P ) (respectively co(B i )), we obtain that
and this gives the first inequality.
On the other hand, since (B 1 × {0}) ∪ ({0} × B 2 ) ⊂ B P we deduce that
and the second inequality follows. 2 Example 2. Consider the 6-homogeneous polynomial on R 5 = R 3 × R 2 defined by
In this case N P = P −1 (0) is the subspace x 3 = x 4 = x 5 = 0. As we have seen in Example 1, d P 1 = 0 on R 3 . From Lemma 3 we obtain that d P (
. Hence d P = 0 and N P = ker d P .
Now we see how to construct, on every infinite dimensional space X, a (non-triangular) polynomial P for which N P = ker d P and d P is not only different to zero but d P in fact is not weakly continuous.
Example 3.
Let X be an infinite dimensional Banach space. Then X is isomorphic to X 1 × X 2 , where X 1 is 3-dimensional and X 2 is infinite dimensional. As in Example 1, let P 1 0 be a polynomial of even degree on X 1 , such that d P 1 = 0 and N P 1 = X 1 . On the other hand, take a triangular polynomial of the same degree P 2 0 on X 2 which is not weakly continuous, as in the proof of Corollary 2. Now it is enough to consider the polynomial P (x 1 , x 2 ) = P 1 (x 1 ) + P 2 (x 2 ) on X 1 × X 2 . In this case,
and then d P is not weakly continuous.
We note that the inequalities of Lemma 3 do not hold, in general, for an arbitrary sum of polynomials P = P 1 + P 2 . This can be seen in our next example. Now consider the 2-homogeneous polynomial P = ϕ 2 . In this case we have that d P = |ϕ|. It is clear that P can be expressed as the sum of 2-homogeneous polynomials P = P 1 + P 2 , where
Since P 1 is a triangular polynomial, we have that d P 1 = P 1/2 1 . On the other hand, if we denote by e n the n-th unit vector basis of 1 , we see that P 2 (e n ) = 0 for every n ∈ N. In particular e n ∈ N P 2 , for every n ∈ N. As a consequence, N P 2 = ker d P 2 = 1 and d P 2 = 0. In this way we see that it is not true that
Given a N -homogeneous polynomial P , an explicit computation of the semi-norm d P is in general quite difficult (unless P is triangular), and we have seen that in this respect it is very useful to have information about the zeros of P . When we are not able to compute explicitly d P , we are interested in its qualitative properties, specially in weak continuity since this means that d P "reduces" to the weak topology. Our next result will show that d P is weakly continuous whenever P changes its sign. In particular this applies to every nonzero polynomial of odd degree. Proposition 3. Let P be a N -homogeneous polynomial on a real Banach space X. If P changes its sign, there exists ϕ ∈ X * such that d P = |ϕ|.
Proof. First recall that if codim(N P ) 2, then X \ N P is a connected, dense subset of X, and therefore P has constant sign. Consequently, if P changes its sign we obtain that codim(N P ) 1 and so codim(ker d P ) 1. This means that either ker d P coincides with X or ker d P is a closed hyperplane of X. In the first case, we have that d P = 0. In the second case, we choose a vector v ∈ X such that d P (v) = 1, and a linear functional ϕ ∈ X * such that ker ϕ = ker d P and ϕ(v) = 1. Each vector x ∈ X can be written as x = ϕ(x)v + h with h ∈ ker d P , and then d P (x) = |ϕ(x)|. 2
Using the same ideas, it is not difficult to prove the following. We finish this section with a useful property of the topology τ P , namely it is stable under products. It should be noted here that, as shown in [6] , in general, topology w P has not this property. We start with the following lemma.
Lemma 4. Let X and Y be real Banach spaces, T : X → Y a continuous linear map, and P ∈ P( N Y ). Then we have d P • T d P •T . If, in addition, T is onto then
d P • T = d P •T .
Proof. Note that if
where the infimum is taken over all finite chains {x, z 1 , . . . , z n } in X. Then,
where the infimum is taken over all finite chains
(T (x)). Clearly we have the equality if in addition T is onto. 2
Note that in particular the above lemma says that every continuous linear map T : X → Y is also continuous for the respective locally convex polynomial topologies, i.e., T : (X, τ P ) → (Y, τ P ) is continuous. 
Polynomial convergence of sequences
Along this section, X will denote a real Banach space. We are going to compare here the convergence of sequences in X for the topologies considered above, namely w, τ P , w P and · . We will see that in many cases different topologies have the same convergent sequences. It should be remarked at this point that each of these four topologies is angelic. Recall that a Hausdorff topological space is said to be angelic if, for every relatively countably compact subset A, the following hold:
(1) A is relatively compact. (2) Every point in the closure of A is the limit of a sequence in A.
In particular, the concepts of "countably compact", "sequentially compact" and "compact" coincide for an angelic space. Of course, every metric topology is angelic. The EberleinSmulian theorem gives that the weak topology on a Banach space is angelic. On the other hand, it is well known that a regular topology finer than an angelic one is itself angelic (see [14] ), and this is the case of τ P and w P . As a consequence, if two of the topologies w, τ P , w P and · have the same convergent sequences, they also have the same compact subsets.
We first note that the four topologies w, τ P , w P and · have the same convergent sequences if, and only if, X has the Schur property, that is, weakly convergent sequences are norm-convergent. For example, this is the case of the space X = 1 . Now we need to consider two classes of polynomials on X, which have been extensively studied in the literature (see, e.g., [11] and references therein). Let P wsc (X) be the space of all polynomials on X which are weakly sequentially continuous, and let P wb (X) the space of all polynomials on X which are weakly continuous when restricted to each bounded subset of X. It is clear that in general P wb (X) ⊂ P wsc (X). We have from [13] that P wb (X) = P wsc (X) if, and only if, X does not contain any isomorphic copy of 1 . On the other hand, it is proved in [4] that if P ∈ P wb (X), then in fact P is weakly uniformly continuous on each bounded subset of X. The following is clear: According to the terminology of [9] , we say that X is a P-space if P(X) = P wsc (X). It follows from [22] that X is a P-space provided it has the Dunford-Pettis property. This is the case of spaces C(K) and spaces L 1 (µ). A P-space of different nature is the original Tsirelson space T * (see [1] ). Further examples of P-spaces are given in [9] .
On the other hand, if X is a P-space and it contains no isomorphic copy of 1 , then P(X) = P wb (X). For example, this is the case of the spaces X = c 0 and X = T * .
Next we are going to see that the situation is different for spaces with nontrivial type. We refer to [20] for the definition and main properties of type of a Banach space. Typical examples of spaces with nontrivial type are the uniformly convex spaces, in particular L p (µ), for 1 < p < ∞. Proof. We use some ideas from [19, 12] . Suppose that there exists a sequence (x n ) in X which is τ P -convergent to 0 but not · -convergent to 0. Then (x n ) is weakly convergent to 0 and, passing to a subsequence, we may assume that there exist some ε > 0 such that x n ε for all n. Since X has nontrivial type, also X * has nontrivial type and, by Theorem 3.5 in [12] , there exists a subsequence (x n k ) and a sequence (x * k ) ⊂ X * biorthogonal to it, which has an upper p-estimate, for some p with 1 < p < ∞. This means that
Let N be an even number with N p, and consider the N -homogeneous polynomial P on X defined by
By Lemma 2, P is a triangular polynomial, and therefore d P = P 1/N . Nevertheless, d P (x n k ) = P (x n k ) 1/N = 1 for every k, and this contradicts the fact that (x n ) is τ Pconvergent to 0. 2
Combining the above results, we obtain that for some spaces the convergence of sequences is the same for τ P and w P , but it is different for w and for · .
Corollary 1.
Suppose that X is a P-space and Y has nontrivial type. On the space X × Y the topologies τ P , w P and the product w × · have the same convergent sequences.
Proof. Let {(x n , y n )} be a sequence in X × Y . By Proposition 5, {(x n , y n )} is τ Pconvergent to 0 if, and only if, (x n ) is τ P -convergent to 0 in X and (y n ) is τ P -convergent to 0 in Y . By the above results, this is equivalent to say that (x n ) is w-convergent to 0 in X and (y n ) is · -convergent to 0 in Y . It only remains to prove that this implies that {(x n , y n )} is w P -convergent to 0. Indeed, for each P ∈ P( N X × Y ) we have, by the binomial formula,
In some special cases, such as c 0 × 2 , we obtain a stronger result.
Corollary 2.
Suppose that X is a P-space with separable dual and Y has a separating polynomial. Then on each bounded subset of X × Y the topologies τ P , w P and w × · coincide and are metrizable.
As a consequence of the above results we also deduce that, in general, topology τ P is not inherited by (non-complemented) closed subspaces.
Example 5. It is well known that the space X = C[0, 1] contains a closed subspace isomorphic to Y = 2 . Now it is easily seen that (Y, τ P ) is not a topological subspace of (X, τ P ). Indeed, consider the unit vector basis (e n ) of 2 . The sequence (e n ) is weakly convergent to 0 in Y , and therefore also in X. Since X has the Dunford-Petits property, (e n ) is τ P -convergent to 0 in X. But Y has nontrivial type, and thus (e n ) is not τ P -convergent to 0 in Y .
We close this section by showing that, in general, τ P and w P do not have the same convergent sequences. As it is easily seen, this is equivalent to the existence of a polynomial which is not τ P -sequentially continuous. We use an example taken from Castillo et al. [9] . Example 6. Let X be a real Banach space. Suppose that there exists a basic sequence (x n ) in X with functional coefficients (x * n ) ⊂ X * , such that both (x n ) and (x * n ) are τ Pconvergent to 0. Then, by Proposition 5, on the product space X × X * we have that (x n , x * n ) is τ P -convergent to 0. But (x n , x * n ) is not w P -convergent to 0 since for the polynomial P (x, x * ) = x * (x) on X × X * we have P (x n , x * n ) = 1. An explicit example of this situation is constructed in Theorem 4.1 of [9] , taking X * = d(w; 1) a particular Lorentz sequence space and X = d * (w) its predual.
Relation with P -continuity
Let X and Y be real Banach spaces. Following the usual terminology, we say that a map f : X → Y is τ P -uniformly continuous on bounded sets if, for every bounded subset B ⊂ X and every ε > 0, there exist homogeneous polynomials P 1 , . . . , P n on X and some δ > 0 such that if x, y ∈ B satisfy d P i (x − y) < δ for i = 1, . . . , n, then f (x) − f (y) < ε.
As we mentioned before, if X is a P-space and it contains no isomorphic copy of 1 , then every polynomial P ∈ P(X) is weakly uniformly continuous on bounded sets, and in particular τ P -uniformly continuous on bounded sets. On the other hand, the polynomial given in Example 6 is not τ P -sequentially continuous, and therefore it is not τ P -uniformly continuous on bounded sets.
This notion is related to P -continuity, a concept which was introduced and investigated in [2, 15, 17] , where it was shown that every P -continuous linear operator is weakly compact. The definition is as follows.
A map f : X → Y is said to be P -continuous if, for every bounded subset B ⊂ X and every ε > 0, there exist homogeneous polynomials P 1 , . . . , P n on X and δ > 0 such that if x, y ∈ B satisfy |P i (x − y)| < δ for i = 1, . . . , n, then f (x) − f (y) < ε.
It is clear that if a map f : X → Y is τ P -uniformly continuous on bounded sets, then f is P -continuous. As a consequence, the results of [18] can be used in order to find examples of polynomials which are not τ P -uniformly continuous on bounded sets, defined on classical Banach spaces such as C(K) and L p (µ). More precisely the following result is a direct consequence of [18] .
Theorem 4.
(a) Suppose that the space X = C(K) contains an isomorphic copy of 1 
